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Abstract—Production of 3D sound for virtual auditory space 
needs interpolated head related impulse responses (HRIRs), due 
to limitation of real-time system for storing HRIR 
measurements. Fortunately, interpolation of HRIRs can reduce 
much cost and effort in measuring many HRIRs. This research 
analyses three interpolation techniques, namely bilinear 
rectangular, bilinear triangular, and tetrahedral by using PKU-
IOA HRTF Database. 

Bilinear triangular interpolation has been applied to estimate 
a target HRIR from 3 surrounding measured HRIRs that form a 
triangle. Accordingly, bilinear rectangular interpolation uses 4 
surrounding rectangular measured HRIRs. These geometrical 
approaches compute weights from relative angular distances of a 
target HRIR from measured HRIRs. Tetrahedral interpolation, 
in other hand, is an interpolation technique in 3D using 
barycentric weights. An optimal framework in obtaining 
estimated HRIRs is proposed here by interpolating minimum 
phase HRIRs using tetrahedral interpolation. 

Keywords— Bilinear interpolation; 3D HRIR interpolation; 3D 
HRTF interpolation; Tetrahedral interpolation  

I.  INTRODUCTION 

Three-dimensional sound is applied extensively in various 
advanced technologies. All sophisticated products, e.g. 
smartphones, laptops, PCs and other gadgets, implement 3D 
sound as a medium, either for entertainment, communication, 
or some other purposes. Almost all computers apply head 
related impulse responses (HRIRs) in their soundcards, so that 
they can produce 3D sound and the sound can be heard 
naturally by human’s ears. HRIR describes how unique a 
sound from a certain point heard by our ears. Every sound 
source point is heard with different pair of HRIRs. Amongst 
many HRIRs, there is a best pair of HRIRs that produces 
sound that come from certain direction. This is commonly 
applied in game development, so that the player can hear 
various sound sources clearly and precisely. 

A desired HRIR in a certain sound source point can be 
attained by interpolating several adjacent HRIRs. Interpolation 
can increase the number of required HRIRs. It reduces 
required HRIR measurements, and also stored HRIRs data. 
Several HRIR interpolation techniques that use all or most 
measurement points, have been proposed, for example those 
using spherical splines or rational state-space interpolation. 

Hartung et al. [1] compared several algorithms for head 
related transfer function (HRTF) interpolation. Interpolation in 
frequency domain, using spherical splines, gives better results 
than that performed in time domain. The quality of 
interpolation can be enhanced by smoothing those HRTFs. 
Diepold and Keyrouz [2] stated that in attaining a realistic 
synthesis of a moving sound source and changes in listener 
position in real time virtual auditory spaces, one requires a 
dense grid of HRTFs for interpolation. They proposed an 
interpolation algorithm based on a block Loewner matrix to 
avoid results caused by dynamic changes in HRTFs. Although 
these approaches are very potential in resulting estimates of 
HRTFs that are more accurate than the methods that use few 
HRTF measurements, they cause a higher computation cost. 
The computation complexity of an interpolation algorithm is a 
key hindrance when creating virtual moving sources. It is also 
computationally more complex when the reproduction is 
accomplished in a device that has low computation power, as 
in a cellular phone, or when many room reflections and/or 
sources are concurrently reproduced. Interpolation must be 
achieved quickly in a real-time system, however with the 
increase in speed, the result should not be affected at the end. 
That’s why the used algorithm should be efficient and uses 
least memory [3]. 

We analyzed three interpolation techniques in this research, 
i.e. bilinear rectangular interpolation, bilinear triangular 
interpolation, and tetrahedral interpolation. We evaluated those 
interpolation techniques using the same HRTF database, finally 
concluded conveniently the best out of the three interpolations. 
Unlike the works by [4-7], here a new interpolation technique 
for HRTFs interpolation, was not proposed. Instead, we 
proposed an optimal framework for HRTFs interpolation. This 
proposed framework constitutes the interpolation of HRIRs 
using minimum phase HRIRs as input data and the tetrahedral 
interpolation technique with barycentric weights. This 
conclusion came from the analysis to the performance of these 
three interpolation techniques for estimating minimum phase 
HRIRs and magnitude HRTFs, from the same database, PKU-
IOA HRTF Database. The results of our research show that 
tetrahedral interpolation was the best technique in estimating 
minimum phase HRIRs.  

This paper is organized as follows: Section 2 contains 
explanation about the tetrahedral interpolation. Our research 
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methodology is covered in Section 3, including explanation 
about the used HRTF database and performance parameters. 
Experiments and discussion of their results are explained in 
Section 4. Finally, we conclude our paper in Section 5.  

II. TETRAHEDRAL INTERPOLATION 

Interpolation of three measurement points that form a 
triangle closuring a target source position, can be used to 
produce an estimated HRTF. Tetrahedral interpolation can be 
obtained by extending this approach to include the target 
source distance, namely through direct interpolation of HRTF 
measurements attained at various distances. Tetrahedral 
interpolation is a kind of 3D interpolations, which is based on 
searching four measurement points that form a tetrahedron and 
enclosure the target position. 

A set of points in 2D that are grouped into non-overlapping 
triangles can be created by Delaunay triangulation (DT) [8]. 
These triangles should be nearly equiangular when they are 
applied for interpolation. DT maximizes the minimum angle 
of the generated triangles, so that it is optimal in this sense. 
Triangles are created such that the circumcircle of each 
triangle contains no other points. DT produces tetrahedral 
three-dimensionally, such that each tetrahedron’s 
circumsphere contains no other points. A graphical 
interpretation of tetrahedral interpolation is shown in Fig. 1. 
As observed in this figure, X is the position of the target 
HRTF, but A, B, C, and D are positions of given measured 
HRTFs from different sound source distances. Eq. (1) can be 
used to calculate any target point, X, inside the tetrahedron, as 
a linear combination of the vertices, 
 
              X = g1A + g2B + g3C + g4D,                         (1) 

 
where gi are scalar weights, those sum to one. The weights gi 
are the barycentric coordinates of point X. For estimating the 

target HRTF, xĤ , at point X as the weighted sum of the 

HRTFs, Hi, measured at A, B, C, and D,  the barycentric 
coordinates can be used as interpolation weights, as follow, 
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By rearranging (3), the weights of g1, g2, and g3, can be 
obtained with 

       [g1 g2 g3] = (X – D) T-1.                         (5) 

The other weight, g4, can be calculated by 
        g4 = 1 - g1 - g2 - g3.                    (6) 

Note that T is independent of the desired source position, X, 
and depends solely on the geometry of the tetrahedron. 

Therefore, we can calculate T-1 in advance for all tetrahedra 
during initialization and store it in memory. 

 

Fig. 1. Graphical interpretation of tetrahedral interpolation [6] 

III. RESEARCH METHODOTOLOGY 

Tetrahedral interpolation is a 3D interpolation technique 
and then can only be performed using HRTFs datasets which 
were acquired at different distances from the center of the 
human head, so that the datasets formed various spheres of 
HRTFs. An example of such dataset is the PKU-IOA HRTF 
Database.  

A. PKU-IOA HRTF Database  

PKU-IOA HRTF database is a HRTF database which has 
been released for public and are available at 
http://www.cis.pku.edu.cn/auditory/Staff/Dr.Qu.files/Qu-
HRTF-Database.html [9]. This database contains HRIR 
measurements using the KEMAR (Knowles Electronics 
Mannequin for Acoustics Research) mannequin. In a sphere, 
this database has 6,344 points of measured HRIRs for one ear 
of KEMAR mannequin, with distances from 20 cm to 160 cm, 
elevation angles from -40o to 90o, and azimuth angles from 0o 
to 360o. 

This database includes data on various distances, namely 20 
cm, 30 cm, 40 cm, 50 cm, 75 cm, 100 cm, 130 cm, and 160 cm. 
Meanwhile, for elevation, it contains data with angles from        
-40o to 90o with  step of 10o. For azimuth, the angles range 
from 0o to 360o, however the step is depending on the elevation 
angle, with constraint as the following: 

a. the azimuth step is 5o on elevation -40o to 50o; 
b. the azimuth step is 10o on elevation 60o; 
c. the azimuth step is 15o on elevation 70o; 
d. the azimuth step is 30o on elevation 80o; 
e. the azimuth step is 360o on elevation 90o. 

On each point, it has a data with the size of 2048 samples, with 
data type of double. The first 1024 samples are HRIR for left 
ear, and the remaining 1024 samples are HRIR for the right 
ear. A sampling rate of 65,536 Hz is used in this database.  

For both bilinear interpolations, we use parameter azimuth-
elevation, distance-elevation, and distance-azimuth for 
interpolation. For parameter azimuth-elevation, we use the 
HRIRs data on a sphere with distance 75 cm, where a target 
HRIR is estimated from adjacent HRIRs with different 
azimuths and elevations on the same sphere. For parameter 
distance-elevation, target HRIRs are on the sphere with 
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distance 75 cm, whereas interpolating HRIRs come from the 
same elevation but from adjacent spheres with distance 50 cm 
and 100 cm. Similar to this, for parameter distance-azimuth, we 
interpolate target HRIRs on the sphere with distance 75 cm, by 
using HRIRs that come from the same azimuth but from two 
spheres with distance 50 cm and 100 cm. For tetrahedral 
interpolation, the target HRIRs are on the sphere with distance 
75 cm, whereas the interpolating HRIRs which form tetrahedra 
come from spheres with distance 50 cm and 100 cm. 

B. Performance Parameters for Interpolation  

 Most researchers in modeling and interpolating HRTFs in 
the world use mean square error (MSE) and spectral distortion 
(SD) to measure the performance of interpolation technique. 
MSE, e(ϕ,θ), is usually used to compare the 

estimated/interpolated HRIR, ĥ (ϕ,θ), to the original HRIR, 
h(ϕ,θ), as given by (7) below, 

e(ϕ,θ) = 100% x 2
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where (ϕ,θ) is the position of sound source of HRIR with 
elevation ϕ and azimuth θ. 
 In the meanwhile, SD is actually the root mean square error 
between log-magnitude HRTF from measurement and 
estimated log-magnitude HRTF. SD is defined as: 
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where K is the number of frequency components, ǀH(k)ǀ is 

magnitude HRTF from measurement, and | Ĥ (k)| is the 
estimated magnitude HRTF. 

C. Research Method   

 Three optimal interpolation techniques are applied to two 
data types of HRTFs in this research. These interpolation 
techniques are elaborated and tested conveniently on the same 
HRTF database and using same performance parameters.  

 

Fig. 2. Block diagram of research method 

From the results of our previous work in [10], minimum 
phase HRIRs and magnitude HRTFs are used as input data 
types of HRTFs to the explored interpolation techniques. 
These techniques are bilinear triangular interpolation with 

relative angle distance, bilinear rectangular interpolation with 
relative angle distance, and tetrahedral interpolation with 
barycentric weights. We intend to find the best interpolation 
that is applied to a certain HRTF data type by combining the 
use of three interpolation techniques and two types of input 
data. Fig. 2 describes the block diagram of our research 
method. 

IV. EXPERIMENTAL RESULTS AND DISCUSSION 

Experimental results of the applied interpolation 
techniques can be seen at Table 1. It is found that interpolating 
minimum phase HRIRs and magnitude HRTFs using 
parameter distance-azimuth gives the best results, those have 
least average MSE and least average SD, compared to when 
using two others parameters (azimuth-elevation, distance-
elevation). However, in general bilinear rectangular 
interpolation results in more optimal average MSE and 
average SD than bilinear triangular interpolation when we 
compare both 2D interpolation techniques. The reason might 
be that contributions are balance among four HRTFs in 
different positions with two same azimuth angles and two 
same elevation angles, as shown in a figure in [5]. Based on 
our previous research [11], linear interpolation between two 
HRTFs in a straight line with the same elevation angles 
performed better than between two HRTFs with the same 
azimuth angles. A target HRTF is located between two HRTFs 
in the hypotenuse of a right triangle for bilinear triangular 
interpolation. Thus, these HRTFs contribute more dominant 
than another HRTF. As we know that the positions of two 
HRTFs in hypotenuse have different azimuth angles and 
elevation angles. This fact causes the bilinear triangular 
interpolation performed worst compared to others.  

TABLE I.  EXPERIMENT RESULTS FROM THREE INTERPOLATION 
TECHNIQUES [12] 

 
 

As obtained from our experiment in Table 1, that 
tetrahedral interpolation with 3D property, provides best 
average MSE of 3.72% in estimating minimum phase HRIRs 
and best average SD of 2.79 dB in estimating magnitude 
HRTFs. A pair of estimated magnitude HRTFs and minimum 
phase HRIRs, using tetrahedral interpolation, are shown in 
Fig. 3, for point location at azimuth angle of 180o, elevation 
angle of 50o, and distance of 75 cm. It is discovered that both 
the estimated magnitude HRTFs and minimum phase HRIRs 
are almost identic with their original ones. This come from the 
fact that, in average, SD and MSE of are small for tetrahedral 
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interpolation (Table 1).  It is also observed from Table 1 that 
the usage of minimum phase HRIRs in general gives more 
optimal interpolation performance than the usage of 
magnitude HRTFs, as can be seen from comparison of SD 
HRTF minimum phase and SD HRTF Interpolation in each 
case. SD HRTF minimum phase is calculated from magnitude 
HRTFs of interpolated minimum phase HRIRs, in other hand, 
SD HRTF Interpolation from interpolated magnitude HRTFs. 
The calculation of SD HRTF minimum phase is intended to 
compare interpolation of minimum phase HRIRs in time 
domain and interpolation of magnitude HRTFs in frequency 
domain. 

 

 

Fig. 3. Estimated magnitude HRTFs (top) and minimum phase HRIRs 
(bottom) using tetrahedral interpolation at (180o,50o,75) 

 Our result using tetrahedral interpolation with minimum 
phase HRIRs as input data, with SD HRTF minimum phase of 
2.80 dB, is comparable with the result of tetrahedral 
interpolation with magnitude HRTFs as input data [6] with SD 
HRTF Interpolation of 2.79 dB. The proposed framework here 
is interpolating measured HRTFs in 3D, those are azimuth, 
elevation, and distance, using tetrahedral interpolation with 
minimum phase HRIRs as its input and barycentric weights. A 
tetrahedral mesh is generated via Delaunay triangulation and 
search via an adjacency walk. This method makes the 
framework robust due to irregularly positions of measured 
HRTFs and computationally efficient. The framework can be 
seen in third path from left in Fig. 2. 

A number of 143 estimated HRIRs using tetrahedral 
interpolation has been simulated to produce virtual 3D moving 
sound in horizontal plane with difference of 2.5o of azimuth 
angle. The simulated moving sound is heard naturally moving 
in clockwise direction from azimuth angle of 0o to 360o. The 
designed graphical user interface (GUI) using Matlab is shown 
in Fig. 4.  

In Fig. 4, bottom-left diagram shows a set of left-ear 
HRTFs from the corresponding set of HRIRs (top-left). This 
set of left-ear HRTFs is plotted with respect to frequency and 
azimuth angle.  Top-right and bottom-right diagram show a set 
of right-ear HRIRs and the corresponding set of HRTFs, 

respectively.  We can see that the left diagram is almost a 
reflected version of the right diagram because human left and 
right ear is almost symmetric. When the button ‘PLAYING 
MOVING SOUND’ is pushed, we can hear moving sound in 
horizontal plane as explained before.  

 

 
Fig. 4. GUI for simulation of 3D moving sound in horizontal plane using 

tetrahedral interpolation of 143 estimated HRIRs 

V. CONCLUSION  

We conclude from our objective evaluation, that optimal 
interpolation algorithm in estimating HRIRs are provided by 
tetrahedral interpolation with minimum phase HRIRs as its 
input, rather than using magnitude HRTFs. In this paper, we 
propose an optimal framework in producing estimated HRIRs 
by interpolating minimum phase HRIRs using tetrahedral 
interpolation. The interpolated magnitude HRTFs and 
minimum phase HRIRs, in general, are very similar to their 
corresponding measured ones. The simulated virtual 3D 
moving sound is heard naturally moving around horizontal 
plane as intended in the design, as discovered in subjective 
listening test. 
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KEYNOTE SPEECH 1: 
16 MAY 2017, 
09.00-09.45

Abstract: 

Recently, coding theory has found many 

applications on information security. In this talk 

we will introduce how (n; k) Reed-Solomon codes 

apply on secrete sharing, key distribution systems, 

and networked distributed (big data) storage. We 

start from a generalization of Shamir’s famous (k; 

n) threshold scheme on secrete sharing, where any 

k or more users who pool their secret shares may 

easily recover the initial secret S but any group of 

users knowing only k-1 or fewer shares may not.

v

Then we pay attention to a forgotten key distribution scheme, Blom’s scheme, which has found to be 

useful in wireless sensor networks. During an initialization stage of key distribution, a base station 

generates and distributes secret data values to sensors and then any pair of sensors may compute a 

shared key unknown to all others aside from the base station. Blom’s scheme guarantees that any 

coalition of k-1 or fewer sensors can do no better at computing the key shared by the two than a party 

which guesses the key without any secret data values. Each sensor only carries k secret data values in 

Blom’s scheme. Recently, organizations need to manage, process, and store huge amounts of data. Since 

these data are large and complex, they are very difficult to process, manage, and store by traditional 

database tools and data processing applications. Large data centers with storage nodes (disks) have been 

built to store “big data.” One critical requirement of a data center is to assure data integrity. Due to the 

use of commodity software and hardware, crashstop and Byzantine failures (or attacks) are likely to be 

more prevalent in today’s large-scale data centers or distributed storage systems. Regenerating codes 

have been shown to be a more efficient way to disperse information across multiple storage nodes and 

recover crash-stop failures in the literature. Finally, we introduce a class of error-correcting regenerating 

codes based on Reed-Solomon codes . Error-correcting regenerating codes are not only capable of 

resisting crash-stop failures but also Byzantine attacks.
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10.15-11.00

Abstract: 

With the development of the Internet of Things 

and an abundance of sensors, it is expected that the 

number of connected devices will reach 50 billion 

globally by 2020. All these devices will need to 

operate in a radio congested environment and will 

compete for the scarce frequency spectrum. 

vi

This competition for resources between fixed and mobile users presents major challenges to future 

generation wireless systems and needs a mathematical framework for its solution.  Likewise, in emergent 

wireless networks and sensor systems, there is competitive demand for higher data rates, efficient 

spectrum utilization and autonomous operation. The talk presents the successful application of game 

theoretic methods in economics, political science and evolutionary biology, to embed strategic operation 

in such wireless communications and sensing systems. In particular, the focus will be on the application 

of these methods to enable wireless and sensor systems to adapt to changes in their environment, 

optimise operational parameters in a distributed manner and interact strategically to mitigate 

disturbances caused by malicious transmitters. The talk will be concluded by presenting a collection of 

current and future application scenarios including 5G networks, distributed radars, smart grids and data 

mining.



KEYNOTE SPEECH 3:
16 MAY 2017,

11.00-11.45

Abstract: 

There is an old saying that “East is east and West is 

West and never the twain shall meet”. The same 

can be said of control-systems and signal 

processing. The two subjects are often studied 

separately with no care as to how the two relate. 

This talk examines the relationships of negative 

feedback and stability and how it appears in some 

commonly (and some not so common) digital 

signal processing algorithms. 

vii

For example, the idea of Steepest Descent was founded by  Louis Augustin Cauchy, in his Compte Rendu `a 

l’Acad´emie des Sciences of October 18, 1847. At that time the theory of negative feedback was not 

developed until Maxwells paper on Governors (1868), and any explanation Maxwell gave was not 

immediately recognisable with the modern day Laplace-Transform operator methods we use. Yet the 

steepest descent method is the simplest and earliest example of a mathematical  feedback-type algorithm. 

At the time it wasn’t greatly understood of course but forms the basis for the famous least-mean-squares 

algorithm (LMS) which is commonly used today. Even in 1960 when the LMS algorithm appeared, it’s 

recognition as a system with feedback was not exploited until over 20 years later. The speaker will explore 

such cases as steepest descent, matrix inversion, least-squares and spectral-factorization and show 

alternative approaches derived from a control-systems point of view. Moreover, it will be shown how the 

conventional algorithms can be improved by using no more than classical control theory.  



TUTORIAL:
16 MAY 2017,

13.00-15.00

Abstract: 

Applications based on the Internet of things (IoT) 

supported by Machine-type communication 

technologies are expected to grow exponentially. 

Forecasts indicate that the number of connected 

things will reach about 30 to 50 billion in 2020 

reaching a ratio of human and machine closes to 

1:7 or 1:10. 

viii

This situation requires the development of efficient wireless technologies serving massive number of 

users or devices. We may also need to find new resources beyond frequency, time and space for 5G 

and 6G wireless networks. Inspired by the recent development of coding theory, this talk addresses a 

technique solving multiple access involving massive number of IoT devices, of which are not solved by 

the current technologies. We consider interference and dynamic fading channels as two new resources, 

where conventionally they are treated as ‘enemies’ in communication systems. Based on the concept 

of low density parity check (LDPC) codes, LT codes, Raptor codes, and turbo processing principle 

allowing slight computational complexity, we can improve the traffic of massive IoT networks about 

10 times and even approaching the network capacity limit of future wireless networks, of which is 

higher than the conventional IoT technologies, e.g., pure ALOHA, slotted ALOHA, pure carrier sense 

multiple access with collision avoidance (CSMA/CA) and slotted CSMA/CA.  
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